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Appendix A further studies properties for advertising dfievels, hybrid advertising structures,

and all efforts. Appendix B includes all proofs for the maimdings of the paper.

Appendix A

A.1 Properties for Advertising Effort Levels

This subsection explores additional properties for adsiag effort levels. Corollaryl addresses
the case of manufacturer advertising and retailer advmgtiwithout cost sharing. Corollarg
addresses the case of manufacturer advertising and retdilertising with cost sharing. We con-
sider how the advertising effort level responds to the ckasfghannel substitutability and base

demand ratid@.
Corollary 1 Under advertising without cost sharing, we obtain the failog properties.

1. Chain1’s advertising effort levet increases with) (e.g., % > 0 and M >
0), whereas Chair2’s advertising effort levet decreases witli (e.qg. ,% < 0 and

8eRR ri 0)

2. The advertising effort leveldoes not always increase with More specmcallyM >

0iff Q> Q% ¢, and Ziz=s > ) iff Q > Q%,¢, where

Q0 _ 784 — 38462 — 20560 + 299265 — 17116 + 4600 — 48612
MM 40 (1092 — 3388602 4 42810* — 282466 + 103468 — 200010 + 166'2)’
729 — 56767 — 280860 + 54480° — 40640° + 142400 — 1920'2
20 (2187 — 864002 + 138120* — 11472606 + 528008 — 1280610 + 128612)

e—60
QRR -



Corollary 1 shows that a player’s advertising effort increases witlows base demand but
decreases with its rival’'s. A player’s advertising effortieases with channel substitutability level
(9) if and only if the player has an advantage in market sizegmwtise, increasing the advertising

effort will intensify the competition level between the giypchains.
Corollary 2 Under advertising with cost sharing givéh= 1, we obtain the following properties.

1. For CSMM, the advertising effort level increases Wiilf 6 > Ocgnrar;

2. For CSRR, the advertising effort level increases Witff » > ncsrr, Wherefgogyn, and

Ocsrr are unique in the feasible domain, where

Oosmun = {0 — 4+ 200 + 467 — 166° — 6" + 46° = 0},
6+ 3104 760> — 280° — 20" + 80" + /62 + 205 — 8"
s = 2 (=4 + 200 + 462 — 166° — 6" + 40°)

Corollary2 shows that in CSMM, the advertising effort level increasasd only if the channel
substitutability is sufficiently high, while in CSRR, the\atising effort level increases if and only

if the cost sharing rate is very high.

A.2 Hybrid Advertising Structures

For completeness, we now turn our attentiornydrid advertising structuresn which the sole
advertising provider in each supply chain need not be theedana of firm as in the other supply
chain. In other words, both the manufacturer and the retaileach supply chain can freely decide
whether or not to advertise. We label the two additionaldtmes as follows: In MR, Manufacturer
1 advertises in supply chainand RetaileR2 advertises in supply chaity In RM, Retailerl and
Manufacturer2 are the ones to advertise in their respective supply chaiime requisite profit
functions follow from Eqgs.4) and 6) by settingl,,; = 1 and1,, = 1 for MR, or1,,, = 1 and

1,, = 1 for RM, with all remaining indicators in each case set to zero
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Hybrid structures are more difficult to analyze than maniias/retailer advertising because of
the interdependence of the decisions of the manufactudetherretailer within each supply chain.
For instance, with pure manufacturer advertising, Manufae 1 simply need only choose which
of NM and MM provides itself with higher profit. However, in glbrid structure, Manufacture
1 could consider abandoning advertising in anticipation Betailer1 would advertise. But this
would require that Retailer must profit more in RM than in MM; otherwise, the players would
be at odds about which side should advertise. Said diffgrdvitinufacturerl and Retailen are
a coalition in the sense that they have to coordinate on wkiertiges in order to obtain a mutual
benefit. So we must compare the performance of differentte$touctures from a coalition’s

perspective.

To describe the stability of the advertising structure, mieoduce the concept sfrong channel
equilibrium, in which no coalition of players within the same channgdfdy chain can profitably
deviate from the current stateSo, for MM to not be a strong channel equilibrium would mean
that at least a manufacturer-retailer dyad would be bettdrycsimultaneously defecting to either
RM or MR.

Lemmab in the Appendix documents the comparison of MR and RM andaheee advertising
structures from the perspective of Manufacturand Retailed as a coalition. Those findings lead

to the following equilibrium results.
Theorem 5 For hybrid advertising structures:

1. MM is a strong channel equilibriumgi2#=MM (9) < < QEM=MM () in g  [0.424,0.823);
2. RR s a strong channel equilibrium@'/ =% (9) < O < QFM=ER () in g  [0,0.775);
3. MRis a strong channel equilibrium¥ < min{ QMMM (9) max{QMF-ER(g) QME-ER ()1}

4. RMis a strong channel equilibrium¥ > max{Q MM (9) min{QEM-MM (g) QRM-MM g1

Figure10graphically illustrates Theore

8Strong channel equilibrium is a special case of strong #gjiuim that limits the coalition to the players within

the same supply chain. For a definition of strong equilibripfease seAumann(1959 andBernheim et al(1987%).
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Figure 10: Equilibrium for hybrid advertising structurdstefers to RR, 2 to MM, 3 to RM, and 4

to MR. These numerical labels are a more compact way to préseequilibria for each region.

RR is the sole strong channel equilibrium if product subsdiility is low because retailer
advertising is more efficient in expanding the market, ad a®lreducing double marginaliza-
tion. This is sufficient to offset any losses caused by inferscompetition, when the supply
chains are relatively monopolistic. As product substhility grows, the advantages of RR erode
but are sufficient to retain its equilibrium status unlessdpict substitutability becomes too high
(i.,e., 0 > 0.775). MM exhibits stability as long as product substitutalyilis sufficiently high
(i.e.,0 > 0.424). The strong channel equilibrium areas of MR and RM are asgtridue to
their advertising structure asymmetry. When a supply chasthe larger base demand, the sup-
ply chain is more likely to favor retailer advertising whitee other supply chain sticks with the
manufacturer’s. Either MR or RM becomes unstable when proslwbstitutability is sufficiently
high and the supply chain with smaller base demand useseregaivertising, because low retail
prices and high effort costs force both players in the suppbin with smaller demand to switch
to a more balanced advertising structure (i.e., MM). Thisfitms that manufacturer advertising is

more stable when supply chain competition is intense, atthdhe Prisoner’s Dilemma persists.



A.3 All Efforts

The main body of this paper presents the analysis of adiregtikat is performed solely by either
the manufacturer or the retailer in each supply chain. We comsider the scenario in which

manufacturers and retailers advertise simultaneouslghwike callall efforts (AE).

Let e,,; denote the advertising by Manufactuiet = 1,2, ande,; denote the advertising by

Retaileri,7 = 1,2. We adapt Eqg.X)'s representation of base demand in charnelbecome
i = Ai + emi + €.

This additive form, used for reasons of tractability, doesaapture any diminishing returns when
manufacturers and retailers both advertise to the samettargrket Yenkatesh and Kamakura

2003, or any synergies for that matter.

The players’ profit functions are given by, for i=1,2,

2
II,,, = Dw _kmiemia

I, = Di(pi - wi) - kriez

)

wherek,,; andk,; are cost coefficients for the efforts of manufacturers atalless, respectively.
In the game, the manufacturers simultaneously determir@eshle pricesv; and effort levels
emi IN the first stage, and in the second the retailers simulizsigaletermine retail pricesg and
advertising levelg,;. To simplify the following analysis we set; = A, = 1 andk,,» = k.1 =

k.o = 1, while focusing on changes in the valuekgf; .

Lemmab GivenA; = A, = 1 andki;; = koy = koo = 1, Manufacturerl’s advertising effort

decreases with its cost coefficieht,).

The proof of Lemmab also indicates that as the cost coefficient goes to infintitg, dorre-
sponding advertising level converges to zero. In our nuragenalysis this property emerges for
all players without the restrictiond; = A, = 1 andk;», = koy = koo = 1. Further, all else equal,

the player with the lower cost coefficient will exert the hegladvertising effort.



Profit

Profit
/
IS

—
el mCSMM
M “*RR
i CSRR
! L -] -]
(1] (5] a4 [:1] oo 02 04 08
Product Substitutabilitv Product Substitutability

Figure 11:Manufacturers’ profit comparison among  Figure 12:Retailers’ profit comparison among AE,
AE, CSRR, CSMM, MM, and RR, givef2 = 1 and CSRR, CSMM, MM, and RR, givef2 = 1 andn =
n=02 0.2

We now numerically compare AE to the previously analyzecesising games. Note that the
following representative example will convey the major Igative insights even if the parameter
values are changed. When channel substitutability isivelgtlow, AE outperforms MM, RR,
CSMM, and CSRR for the manufacturers (Figi¢ whereas it dominates all other structures for
the retailers (Figurd.2). We also find that AE could be more preferable to retaileas tthanu-
facturers, because AE imposes more effort costs upon thefatarers than upon the retailers.
AE could perform worse than other advertising structureglie manufacturers if channel sub-
stitutability is substantially high. This is because AEulésin more combined efforts than any
other game, which significantly intensifies horizontal atelncompetition and incites a pricing

war between the channels.

We include the AE analysis for the sake of completenesspadth its complexity limits the
availability of generalizable insights. In any case, tfap@r's main model is better suited to address
our central research questions, whose industry motivaaoa presented in detail in SectibnBy
focusing on manufacturer-only or retailer-only advenisiwhile allowing cost sharing, we can
more sharply illuminate the impact of where control of theextising decision is located in the
supply chain, and the interplay between that control andgthiece of the advertising’s funding in

a competitive setting.



Appendix B

In our notation the index (i = 1,2) identifies the channel or supply chain. Unless indicated

otherwise, all equations below hold foe 1, 2.

Proof of Lemma 1: To compare MM, MN, NM, and NN, we solve each subgame by reverse
induction. More specifically, we first compute the retailbesst-response retail prices, then substi-
tute them into the manufacturers’ profit functions, and finablve the manufacturers’ first-order
conditions for wholesale prices and advertising levelschEsubgame has a unique equilibrium.
Comparing the manufacturers’ profits across all subganeds/the subgame perfect equilibrium

for the whole game.

In MM, given w; ande;, Retaileri’s profits are concave with respectﬁpbecaus@% =
—ﬁ < 0'The best response retail price function can be obtaine@hyng from the first-order

condition.

(2 — 92)(142 + 6i) — Q(Ag_i -+ 63_1') + 2'LUZ' + e’LUg_Z'

e i=1,2.

pz(wi, ez’) =

Then, substituting; (w;, e;) into the manufacturers’ profit functions, we get

(2= 60%) qwi +wi (2= 0%) (A —w;) =0 (As i + gz —ws ) — (1= 60%)(4 - 92)%2.

psng—mi(wi, e;) =

(1-6)(4—-0)
The corresponding Hessian matrix is negative definite scau

82HJ\/IM—mi(wi7 62‘) — 2 (2 — 92) <0
uw? (1—0%) (4 -0

)

and

82HMM—mi(wiaei)azﬂMM—mi(wiaei) 02HMM—mi(wiaei) 82HMM—mi(wiaei)

Ow? de? ow,;Oe; Oe; 0w,
_ 2-5P4210' 460
- (4 — 502 4 64)? '

So, we can obtain the optimal},,, , ande},,, .... Replacing them int@;(w;, e;)produces the

optimal retail price®y,,,_;-

In summary, the unique equilibrium for MM is:

» O 2(4—502+0Y) (14 — 176% +46%) A; — 20 (2 — 6%) A3_)
MM=i = 196 — 49202 + 41760* — 14006 + 166% ’
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4(3— 462 +0Y) (14 — 1762 + 46%) A, — 20 (2 — 6°) A;_,)

Prum—i = 196 — 49202 + 4176 — 140605 + 166° ’
. (2607 ((14 — 1767 4+ 46%) A; — 20 (2 — 6%) A3)
“MM—mi = 196 — 49202 + 4176% — 14065 + 166° ’
D L 2(2-6%)((14— 1767 + 40") A, — 20 (2 — 62) A3_,)
MM=i 196 — 49262 + 41764 — 14006 + 1668 ’
- (2 0%)(14 — 1967 + 401)((14 — 1762 + 401 A; — 20(2 — 6%) Ay _;)?
MM =mi (196 — 49262 + 41764 — 14066 4 1668)2 ’
- O A2=607)2(1—607)((14 — 1767 + 40") A; — 20(2 — 62) A3_;)?
MM=ri (196 — 492602 + 4176* — 14005 + 1608)2 '

For prices and demands to remain nonnegative requires
(14 — 176 +46%) A; — 20 (2 — 6°) A3_; > 0.

_p2
This is equivalent t% <0< % where the maximum feasible domain for
6 is given by|0, 0.940] because the upper bound ®fs obtained when the above two constraint

boundary lines cross at; = As,.

For subgame NN, given the wholesale priegs Retailer:’s profit is concave with respect to

Di becaus@QHé;g*” = —1_292 < 0. The response function of the retail prices can be obtaiged b

solving the following first-order conditions.

20 A —OA«_ . + 2w »
p2<wz):( 9) 7 94_3612‘|’ wz“‘@w?, 277::172.

Substitutingy; (w;) into the manufacturers’ profit function yields

W; ((2 — 92) Ai — 9A3_i — 21UZ + 92’LU2' + 9’&[]3_2')
NN —mi(w;) = YT .

_n2
Manufacturer’s profit, ITy . (w;), IS concave inv; becaus@mgwf?"” = — 42_(5292(19)4 < 0. So,
we can obtain the unique and optimal wholesale pricgs, ,. Substituting these intp;(w;)

deliverspy y_;-

The unique subgame perfect equilibrium for NN is:

(8 — 962 +20) A, — 0 (2 — 0%) As_;

WNN—i = 16 — 1762 + 46° ’
) 2307 ((8—90%+ 200 A, — 0(2— 02) As_,)
PnN-i = 64 — 8402 + 330% — 465 ’



(2—62) ((8— 967 + 20" A, — (2 — 62) As_,)

Dy = 64 — 148602 + 11764 — 3766 + 468 ’
- 26 (8962 +20M A, —0(2—0%) As_,)?
NN (4 — 562 + 0%) (16 — 1762 + 464)> ’
. (2= 62)° (8 — 96% + 20%) A, — 0 (2 — 62) A3_;)
HNN—ri .

(1 — 62) (64 — 8462 + 3301 — 466)

For prices and demands to remain nonnegative requires

(8—96%+20") A; — 0 (2—6%) As_; > 0.

_p2
This is equivalent t(%fg;—i%zl <0< % The maximum feasible domain féris given by

g € [0, 1] as the upper bound éfis obtained when the two constraint boundary lines cross.

. S . . 2 o
For subgame MN, given; ande;, Retailer:’s profits are concave ip;, because@% =

——1> < 0. The best response retail prices derived from the first ardeditions are

(2 — 92) Al — 9142 + 261 — 9261 + 2’lU1 + 91112
pi(wi,e1) = 41— 02 )
(2 — 92) A2 — 9141 — 91111 + 91111 + 21112

4 — 62

p2(wi7€1> =

Substitutingp; (w;, e1) into the manufacturers’ profit functions yields

— (4 — 592 + 94) 6% + (2 - 92) ejwy + wq ((2 — 92) Al — 9A2 — 2w1 + 921111 + 91112)
Hyn—mi(wi, e1) = ;

4 — 5602 + 64

wao (—‘9141 + (2 - 92) Ag — 961 + 9’(1]1 - 2’(1]2 + ‘9211)2)

HMN—mZ(wh 61) = 2 4 ’
4 —502+0
The Tl n_m1(w;, €1) are concave ofws, e;) becaus@zHMN(,;gg(w“el) — —42_(529‘292)4 < 0 and the
1
second-order Hessian Matrix has determir?éﬂtmg&gl (wie1) 5’2HMN5251 (wirer) 82HMgJ£16 gwim aang;a";gw“el) —
1 1
28‘(5:12_9;0*;173:);496, which is strictly positive in the feasible domain @fe [0,0.94]. Meanwhile,
I N —me(w;, 1) iS concave o, becauséaw = —42_(39_2934 < 0. So, we can obtain the
1

unique equilibrium wholesale prices and advertising level

2(4— 507 + 6%) ((8 — 962 + 20%) Ay + 6 (—2 + 62) Ay)

WMN-1 = 112 — 27002 + 2216 — 7206 + 36° ’
.  (4—-5607+060Y) (20 (—246%) Ay + (14 — 176 + 40") A,)
WMN-2 = 112 — 27002 + 2216 — 7206 + 36° ’
) (2607 ((8— 962+ 20%) A, — 6 (2 — 62) Ay)
‘MN-1 = 112 — 27002 + 2216 — 7206 + 865
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and substituting these injg(w;, e;) yields the following equilibrium retail prices

4(3— 462+ 0% ((8—90% +20%) Ay + 60 (—2 + 62) Ay)

Pun-1 = 112 — 27002 + 2216 — 7266 + 868 7
. B 9 (3 — 462 + 94) (29 (—2 + 92) A+ (14 —170% + 494) A2)
Pun-2 = 112 — 27062 4 22167 — 7206 + 808 '

A similar process obtains the following demands and praofitdfanufactured in MN and NM,°

2(2— 62) (8 — 962 +20%) Ay — (2 — 07) Ay)

Dun-1 = 112 — 27002 + 2216* — 7266 + 863 ’
D L (2—6%)((14 — 1762 4+ 40%) Ay — 260 (2 — 62) Ay)
MN=2 112 — 27002 + 22104 — 7206 + 88 ’

- C(2-67) (14 — 1967 + 46%) ((8 — 96% +260%) A; — 6 (2 — 6%) Ay) 2
MN=ml (112 — 27062 + 2216 — 7265 + 86%)* ’
D L (2-60%)((14 — 1707 4 46*) Ay — 20 (2 — 6) A,)

NM=1 112 — 27062 + 22164 — 7206 + 868 ’
D 22601 ((8—90%+20%) Ay — 0 (2 — 60%) Ay)
NM=2 112 — 27002 + 2216* — 7266 + 868 ’
i} (4—6%)(2—36% 4+ 6% ((14 — 176> + 464 A, — 20 (2 — 6%) Ay) 2
HNM—ml = .

(112 — 27062 4 22164 — 72606 + 863)*

In the following, without loss of generality, we compare Midacturerl’s profits across the
various cases. To compare MN and NN, we idé’ V=V to denote Manufacturer's profit in
MN minus its profit in NN. The earlier profit expressions yield

AITMN-NN _ (2 — 02)” (896 — 323202 + 457004 — 3222605 4 119168 — 220610 + 16012) ((8 — 902 + 204) Ay — 0 (2 — 62) Az)”
ml - (4 — 562 + 64) (16 — 1762 + 464)? (112 — 27062 + 22164 — 7266 + 868)2 '

The common lower and upper bounds of the constrained areakefined by

— h? _
QMN=NN () = S 2(592 f 2)94 and QMN-NN () =

(14 — 1762 + 46%)
20(2—62)

where the domain fatis ¢ € [0,0.967]. ThenAITIM N =Y > ( as long a$96 — 323262 4 45700*
322205 + 11916% — 2200 + 1602 > 0, which is always true in its feasible domain.

A similar approach shows for the comparison of NM with NN that

(2—6%) ((8 — 902 +20") A} — 0 (2 — 62) Ay) 2
(4 — 502 + 64) (16 — 1702 4 464)
(4—60%) (2 — 3602+ 6%) (14 — 176% + 46%) A; — 20 (2 — 6%) A,)?
(112 — 27062 4 22104 — 7266 + 868)*

NM—-NN _

9The values for Manufacturex can be obtained by replacing everywith 2 and vice versa. Other results are

omitted for brevity.
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< 0,

This is supported by the common lower and upper bounds

] 20 (2 — 9 —
AU T 5792+)494 and GTEENE) =

(8 — 96 + 20%)
0(2—62)

wheref € [0,0.967]. As before, the upper limit fof is obtained when the two constraint lines,
QNM=NN () andQNM-NN (9), cross.

For the comparison of MM with NM we have

(196 — 49202 + 41704 — 14006 + 1608)2 (112 — 27002 + 22104 — 7205 + 808)>
x (14 — 1762 + 46%) Ay — 26 (2 — 6%) A5).

AIMM-NM ( 28 — 5262 + 276% — 466 (4 —62) (2 — 302 + 6) >
ml -

(4-0%)(2-302+0)

; ; ; i FnAA 28—520% 42764 —46°
The expression is strictly positive sin > 227007 1 22107 7205 1505

T196—49262+41764 —14066+1668)>

for anyd € [0,0.940] as required by MM.
For MM and MN we have

AHAHVI—]\IN
ml
((14 —170% + 46%) Ay — 20 (2 —0%) A2) 2 ((8 —90% +20%) A1 — 0 (2 — 0%) Az) 2

= (2-067%) (14— 1967 + 46*) < - >

(196 — 49262 + 41764 — 14006 + 1668)2 (112 — 27002 4 22164 — 7205 + 868)2

(14—1762+494)

. . . 20(2-02)
This is strictly negative betweeg and 560207

4-1702 1461

This progression indicates that Manufacturexlways benefits from providing advertising ef-
fort regardless of what the other manufacturer does, buaiséd by the other manufacturer’s

choice to advertise. The same techniques provide the pameg results for Manufacturér O

Proof of Theorem 1. The first part of Theorem results directly from Lemma. The Pris-
oner’s Dilemma can be demonstrated by comparing Manufactig profits in MM and NN. It is
easy to show that the common feasible area of MM and NN is ceafoy MM’s feasible area.

Therefore,

- 20 (2 — 0° -~
QO = 5792+)494 and QTHEEE) =

(14 — 1762 + 46%)
20 (2 — 62)

A special case is given by € [0, 0.940] when the above two constraint lines cro$s.

10The feasible range fat becomes smaller as the base demand ratio diverges, asaiisin Figurel.
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Define AITY M=V as Manufacturet’s profit in MM minus its profit in NN. We have

AN _ (5 g?) <(14 — 1962 + 46%) (14 — 1762 + 46*) Ay — 260 (2 — 0?) Ay) 2
m (196 — 49202 + 4176 — 14065 + 166%)°
((8 — 962 +20%) Ay — 6 (2 — 62) A,)?

- (4 — 562 + 0%) (16 — 1762 + 464) ) (A-1)

Making the change of variable = A, /A, and solvingAIT” Y=V~ — ( yields two roots:

ml
QMM_NN(H) Ky + Ko\/56 — 14602 + 12504 — 3966 + 468
it 175616 — 103488002 + K ’
QMM_NN(H) K — Ky\/56 — 14602 + 12501 — 3966 + 468

mi=2 175616 — 103488062 + K5 ’
where
K1 = 940800 — 498288603 + 11381446° — 146945667 + 11805760° — 6117970 + 20457203 — 426080'° + 502407 — 256617,
Ko = 0(6272 — 255446 + 428440" — 384140 4 199050° — 59680 + 96002 — 646'*) ,
K3 = 26772880* —39970720° + 38068780% — 241356200 + 103103502 — 2931840'* + 5318406 — 55680'% + 25662°.

SinceQMM 7NN (p) is below the common lower bound in cases MM and NN, we define
QMMNN () = min{ QMY (6), QMMM ()3,

which is the boundary line for Manufactureis preferences between MM and NN (shown in
Figurel). Note thatQMM "N (9) < 1in 0 e [0,0.940].

Similarly, we can define
Q=N (0) = min{ QTN (0), QMM VN ()}

for Manufacturer (shown in Figurel), where

QMM=NN () _ K1 + K»v/56 — 14662 + 1250* — 3966 + 46°
et 02(62 — 2)2K, ’

and
K, = 9464 — 3451660% + 495300 — 355950° + 134766° — 25600'° + 1920'2.

Here we also characterize the monotonicity of optimal rggaces and demand with respect
to ¢ within the common feasible range &fn the different subgames. We consider only subgames
NN and MM, as the others are similar. In NN,

Opyn—; _ 40(224 —3360% + 2010" — 566° 4 66°) A

09 (64 — 8462 + 3304 — 466)°
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2 (384 — 45602 + 1466* + 3306 — 276 + 4010) A;_,

(64 — 8462 + 3304 — 465)* '
This is strictly negative becauge4 — 33662 4 2016* — 566 + 66° > 0 and384 — 45662 + 1460* +
3305 — 276% + 46'° > 0 for any6 € [0,1). Also

D% N 20 (704 — 208062 4 25100* — 158865 + 5596% — 10460 4 80'2) A,
a0 (64 — 14862 + 11764 — 3765 + 468)°
(256 — 1760% — 4920* 4 76405 — 4396% + 11700 — 120'2) A5_;
(64 — 14802 + 1176 — 3765 + 408)° '

icindi * i v 25617602 —4920*+7646°—43905 4117610 —126'2
This indicates thaby y_; increases with if Q> o= e rees 05— 191910 1zgry PUL

decreases with otherwise. So, if the supply chains are sufficiently asymimehe supply chain

with the larger base market obtains more demand as prodostiguability grows.

For MM,
OWhinies 86 (308 — 182002 + 339360* — 296065 4 13696° — 32800 4 320'%) A,
00 (196 — 49202 + 4176% — 14066 + 166%)°

8 (1176 — 35166% + 37860* — 144165 — 3300° + 469010 — 14802 + 160'1) A3,
(196 — 49262 + 41764 — 14066 + 1668)° '
This is strictly negative for ang in the feasible range, ensuring nonnegative prices and nigsna

ODyar—; 166 (1092 — 3388607 + 42810* — 28240° + 10340% — 2000'° + 166'2) A,
a0 (196 — 49262 + 41764 — 14005 + 1668)°

4 (784 — 3846 — 205660" + 29926° — 17116° + 4600'° — 486'2) A5_;
(196 — 49262 + 41764 — 14006 + 166%)> '

* ; e 784—38402 —2056604 4299206 —171168 +460010 —48912 ;
DMM—i increases witl if €2 > 40(1092—338802 +42810% —282406 4103408 —200010+16012) ' but decreases with

0 otherwise. We can show comparable properties for the othmEgames in a similar fashiofl
Proof of Lemma 2: This Lemma’s proof is similar to that of Lemnia

More specifically, we first compute the retailers’ best-tesge retail prices and advertising
levels, then substitute them into the manufacturers’ pfaofittions, and finally solve the man-
ufacturers’ first-order condition for wholesale prices.cEa&ubgame has a unique equilibrium.
Comparing the retailers’ profits across all subgames ghestibgame perfect equilibrium for the

entire game.

Here we start with RR. Other subgames can be solved similangenw;, the retailers’ profits

aH??R*'r‘i (wz) 2
F) 2

are jointly concave irp; ande; becauseT = —17z < 0 and the determinant of its
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Hessian matrix
82HRR—ri(wi) 32HRR—m(wi) 82HRR—m(wi) 52HRR—m(wi)

Op? De? B Op;Oe; de; Op;
3 — 46?
(1—62)2

> 0
aslong a9 < @ which is true in the feasible domain.

According to the first-order conditions,

( ) . 2 (3 - 592 + 284) AZ + 40 (—1 + 92) Ag_i + 3’(UZ - 682’(1]@ + 4‘911)3_2‘ - 493w3_i .
pate) = 90— 1662 + 461 ’
(3 — 262) Az — 26143_2‘ — ?)’UJZ + 2‘92’(1]@ + 2‘911)3_2‘

9 — 1662 + 404 '
Substitutingy; (w;) ande;(w;) into the manufacturers’ profit functions yields

_ 2w ((3—20%) A — 20A5_; — 3w; + 26%w; + 20ws_;)

6i(wi) =

1I —_mi\W; ) = .
i (W3) 9 — 1662 + 461
_9pn2
T ps—mi(w;) is concave inw, becausd-as=pa() — —% <0aslong ag < Y2V

which is true in the feasible domain. Therefore, the equiiiln wholesale prices},,_; are unique.
The equilibrium retail pricegy,;_; and advertising levels;,,_,. also follow from the equilibrium

wholesale prices.

In summary, the unique equilibrium for RR is:
(9 — 14607 + 40%) A; — 0 (3 — 260%) As_;

WrR—i = 18 — 2662 + 861 !

L (15— 2602+ 80%) (9 — 1467 + 40%) A, — 0/ (3 — 20%) A3_,)
Prr-i = 162 — 52202 + 5606" — 23265 + 320° :
. C(3—20%) (9 — 146° + 40%) A, — 0 (3 — 260%) Ag_,)

RE=ri 162 — 52262 + 5600 — 232606 + 3263 ’

(3 — 26%) ((9 — 146% + 40%) A; — 6 (3 — 262) As_,)

Dan-s = 81 — 26162 + 2800* — 11606 + 1663 ’
- (3 —26%)% (3 — 46%) ((9 — 1462 + 40%) A; — 6 (3 — 262) A5_;)?
fuftzre 4 (81 — 26162 + 2806* — 1166° + 1663)° ’
. (3 — 26%) ((9 — 1462 + 46%) A; — 0 (3 — 20°) A3_;) 2
Hrpmi = :

2(9 — 1662 + 46%) (9 — 1302 4 464)
For the prices and demands in RR to be nonnegative requires

(9 — 1467 +46) A; — 0 (3 — 26%) A3_; > 0.
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This is equivalent tcg)(wfﬂ)g4 <0< 9?# which implies the largest feasible domain for

g is given byé € [0,0.823] and the upper bound @fis reached when the above two constraint
boundaries cross. Define

gre= _9B=20%) a9~ 1407+ 40°
0 — 1462 + 46 0(3— 2602)

The above constraint is the strictest of all cases in thigpap

In RN, givenw;, Retailer 1's profit is concave dp;, e;) becausé” HRN L= _1—292 < 0and
Nor1 PUrN_r1 82HRJ\uﬂ 5 HRN7T1 _ 3-46?
the second Hessian Matrix has determln%kﬁgl— = T B = g > 0,

as long a9 < i which is true on the common domain. Retailer 2’s profit is @weconps

becausé” HRN 2= —1_292 < 0. The first-order conditions then yield
2(2 =302+ 0%) A; +20 (=1 + 62) Ay + 2w, — 36%w; + 20w, — 203w,
pi(wy,we) = 6 — 002 + 207 /
20 (—1 -+ 92) Al + (3 - 592 + 294) A2 + 29’&[]1 — 2931111 + 3’LU2 — 4921112
pa(wi,wa) = 6 — 002 + 207 |
(2 — 92) Al 9142 — 2'lU1 + 9 w1 + Q'UJQ
61(w1, w2) =

6 — 962 + 204
Substitutingp; (w1, we) ande; (wq, w9) into the manufacturers’ profit functions yields

2 2—0%) A — Ay — 2wy + 0?w, + 6
HRN_m1<w1) _ wq (( ) 1 2 wq w1y wz);

6 — 9602 + 204
I (w ) _ ( 2¢9A1 + (3 292) Ag + 2‘911)1 - 311)2 + 292w2)
fN =22 6 — 962 + 204
_n2
I grN—_m1(wy) is concave inv; becausgmgggml = —;(92923.2)94 < 0aslonga¥ < L’g“ﬁ which

holds in the feasible area. So, the unique equilibrium wdadkepricesvy,_,; are as follows:

4(3—40%40") Ay +0(—3+260%) Ay

WrN-1 = 24 — 3002 + 802 ’
ot L 0(=2460%) A +2(3-46*+6") Ay
RN=2 12 — 1562 + 464 ‘

The equilibrium wholesale prices lead to the equilibriutaileoricesp,_; and advertising level

epy_q that follow.

(10 — 156 + 40") (4 (3 — 467 +0%) A; + 60 (—3 + 20%) Ay)

Pry-1 = 2 (72 — 19862 + 1836* — 6665 + S0°) ’
. (914602 4+46%) (0 (—2+60%) Ay +2(3— 407+ 0") Ay)
Prv-z = 72— 10302 + 1836" — 666° + 86° ’
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.  (2-60*) (43407 +0") A —0(3—20%) Ay)
°AN-1 = 2 (72 — 19867 + 1836" — 660° + 86°5)

The equilibrium profits and demands for the retailers aremghy

(2 — 62)% (3 — 402) (4 (3 — 462 + 0*) Ay — 0 (3 — 20%) A,)?

Hinor = 4 (72 — 19862 + 1836 — 6606 + 86%)° ’
. (3-200(1-6*) (2(3 46>+ 0" Ay —0(2 - 07) A))?
fiN=re (72 — 19862 + 1836 — 6666 + 86%)* ’
D  (2-60*)(4(3-407+0") A —0(3—20%) Ay)
AN=L 72 — 19862 + 18364 — 6605 + 868 ’
e (3-207) (23402 +0%) Ay — 0 (2 — 6%) Ay)
ANz 72 — 19862 + 18304 — 6605 + 868 ‘

For these prices and demands to be nonnegative requires
4(3 —40% + 01 AL > 0(3 —201) A, and 2(3 — 467 + 1) Ay > 0(2 — 6?) Ay,

which is equivalent to 2C=22) < < 26-4°40)  The |grgest feasible domain faris
q 134021 07) 0(2—62)

[0,0.902], as the upper bound éfis obtained when the above two constraint boundaries cross.

In NR, symmetrically, the equilibrium for the retailers isgn by
(3—262)* (1 —62)(2(3 — 462+ 6%) A, — 0 (2 — 62) A,) 2

Hvnom = (72 — 19862 + 1836* — 6666 + 86%)* ’
- (2077 (3-46) (4(3 46>+ 0Y) Ay — 0(3 — 20°) A))?
Niizrz 4(72 — 19862 + 18361 — 6665 + 865)° ’
D (320 (2342 +0Y A —0(2—6%) Ay)
NR=L 72 — 19862 + 18364 — 6605 + 868 ’
D (207 (4(3—-40*+06") Ay, —0(3—20%) Ay)
NhR=2 72 — 198602 + 1830* — 6606 + 868 '

For the prices and demands to be nonnegative requires
2(3 40+ 0MA; > 0(2— 0% Ay and 4(3 — 460* +01) Ay > 0(3 — 20%) Ay,

where the largest feasible domaingat given byd € [0, 0.902] as the upper bound éfis obtained

when the above two constraint boundaries cross.

In the following, without loss of generality, we compare &kr 1's profits in the various cases.

To compare RN, NR, and NN, we can get their boundary values
QFNNN () = min{QFYTVN(9), QRN VN (0)},
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ONFNN9) = min{QNENY(9), QYN (G)),

where

— 2(3 — 46 + ) - 0(3 — 260?)
QRN-NN (g} — QNE-NN (g} —
) =—%a—m O) = G107y

which also ensure the nonnegative prices and demands foNRIN Meanwhile,

QRN_NN(G) _ M1+M2\/3—7¢92—|—4¢94
il 221184 — 1603584602 + M;’
il 720 — 17003 4 14205 — 4907 4+ 660
where
M; = 552960 — 3571200° + 10073280° — 163552007 + 16937420° — 116947001 + 54527602 — 16949801° + 3361207 — 38400'° + 1920°!,
My = 6° (4608 — 1872002 + 307200% — 264180° + 128870°% — 35820'° 1 528012 — 32014) ,

Ms 51217920% — 95037446° + 113735520% — 921288000 + 5154366012 — 19930080'* + 52256801 — 886320'% + 8768020 — 384022,

We havells,y ,, > Iy y_,, if and only if Q > QEN=NN(9) andIT%,y, ., > Ik, if and only
if Q> QFF-NE((). Contour plots clearly demonstrate tiigft" —VV (9) < QN () < 1, and
that QN =N (9) andQER-NE(9) increase with). 1! These contour plots, similar to Figuteand
others in this paper, are unique becaésg in [0, 1), n is in [0, 1], and we need only considér
in [0, 1] (for cases where the base demands are not symmetric). Wheowee these feasible
domains, the function crosses the zero only once. We carnde@ny of the dozens of contour

plots used in this paper, but omit them here to focus the étipos
To compare RN, NR, and RR, we compute their boundary valuéslaws.
QFFREN(9) = min{QFF 17N (9), QFRY(0)},

QFFVEB) = min{QFNRE), QHNE(G)),

where

~ ~ 9 — 1460% + 464

QRR—RN 9 _ QRR—NR 9 _

(6) 0) =553
N 9(3—292) 9(2—92) 9(3—292)
becauses gy > sp—arron > ip—aeren and
QRR_RN(0> 162 - 51362 + 6426* — 4046° + 1280% — 160'°
rl—1 -

1620 — 447603 + 43465 — 17207 + 2469 '

1A contour line (also isoline or isarithm) of a function of twariables is a curve of all combinations of the two

variables along which the function has a constant valuec{pally zero in every one of our applications of this

N )

technique). For examplé is a contour line ofI};,5_,; — Iy n_,1 = 0.
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Ny + 2050/ (1 - 02)° (3 — 462)
314928 — 29743200% + N;

QTN0)

where
Ni = 1049760 — 8806320° + 329799660° — 726915607
+104618496° — 103060040 + 707813203 — 33827760'° + 110051207 — 2317766 + 2841662 — 1536623,
Na = 0% (—5832+ 289980% — 576630* + 592380° — 339960° + 1096800 — 18560'2 + 1280'4)
N3 = 126214200* — 317426046% + 525630510° — 6022743600

+ 48857216012 — 282244160 + 11512128016 — 3232384018 + 5933446%° — 64000072 + 307203%.

So the common feasible area #is ¢ € [0,0.823] where the upper bound éfis reached when
the nonnegativity constraint lines cross and the domaih lvél narrower af? decreases. We
havell’ , ,, < Iy_,, if and only if @ < QNE-VN(9) and T, ., < Iy, if and only

if O < QFEE-EN(9). Contour plots demonstrate that< QAN (9) < QNE-NN(9), and that

QREE=EN (9) andQN~NN () decrease with.

Similar methods yield the boundary values for Retéilér NR, RN, and NN as follows.

QFNN9) = min{QETNV(9), QTN (G)),

QRFNN0) = min{QEENY(9), QYN (G)),

where
_ 6 (3 — 20%)
QRN NN —
- () 4 (3 — 462 + 04)’
_ 0(2—6?)
NR—NN _
- 6) = 2(3 —460% + 64)’
QRN-NN () _ 2304 — 100086?% 4 178540* — 169226° + 91890° — 2858010 + 472012 — 3204

6720 — 241662 + 346265 — 253107 + 9966° — 2000 + 16613

A 2My + My/3 — 702 + 464
NR—-NN _ 1 2
Qr2—1 (9) - 92M4 )

where

M, = 27648 — 15667262 + 3838560+ — 5362960° + 4725316% — 272667010 + 102920012 — 244286'* + 3296616 — 192618,
The boundaries for Retailérin NR, RN, and RR are as follows.
NRR—RN _ - ARR—RN RR—RN
05 (0) = min{Q,7(0),Q (0)},
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QEFVEB) = min{Q5VR0), QM NE(G)),

where
) . 0(3 — 20°)
QRR RN 9 — QRR NR 6 —
= () - ©) 9 — 1462 + 464
. Ny + 2/ N
QZEEIRN (‘9) = : 92N4 = 9
QR2R_1NR(9) _ 3888 — 1949462 + 398496* — 429500° + 263320° — 91920'° + 1696012 — 12804

11346 — 4779603 + 798060° — 676007 4 30646° — 70401* 4 64613

where

N4 = 34992—256608602 +8339760" — 158443205 +19505990° — 16255440 ° +9268400'2 —35571260* +8753666 — 1241668 476802

We havell . ., > [Ty, if and only if @ < QYN (9) andIT%, ., > TGy, if and only
if Q < QFE-EN(9). We can show tha@ )=V (9) > QEF-EN(9) > 1, and thatQ) =" () and
QRF-EN () decrease with. Also, we havels, ., < ITi_, if and only if Q > QFEN=NN(p)
andIly, ., < Iy, ., if and only if Q > QEFVE(9) We observe that > QEFVE () >

QEN=NN () and that2/X*= "% (9) and QLY ~"N (6) increase with). O

Proof of Theorem2: Consider RN. As argued in Lemm2aRetailer2 prefers RN to RR as long
as) > QBN (9). Meanwhile, Retailet prefers RN to NN as long & > QFN=VY (9), where
QEN-NN () < QFE-EN () Thus neither retailer would deviate from RN as lon@&§ ™" (9) <
Q < QFF(f). NR also has this property by symmetry. By a similar argum@etailer2 prefers
RRto RN as long a& < Q7N () and Retaileil prefers RR to NR as long &> QFF-VE(g),
Thus RR is an equilibrium if and only 25" (9) < Q < QEF-BN (9), Worth noting is that at
least one player could perform better in NN than in RR. Howetés occurs outside the common

feasible domain foé € [0, 0.823] so falls beyond the scope of our discussion.

Proof of Lemma 3: Manufacturer advertising with cost sharing presents fmssible out-
comes: CSMM, CSMN, CSNM, and CSNN. The profit functions of O&Mre documented in
Eq. (7) and those of CSMN and CSNM can be inferred similarly giveat timly one manufacturer
advertises. CSNN is equivalent to NN (since cost sharingnbaspact when no parties advertise),
which was analyzed earlier. For brevity, below we list orquiibrium solutions for the symmetric

setting 4; = A, = 1).
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The equilibrium actions and outcomes for Manufactur@nd Retailet in various cases are as
follows. In CSMM:

2(1 —n) (4 — 562 + 6%)
WOSMM=i = 902 —0)(1+0)(4— 0 —202) 1 0(4— 0 (17 + 20 — 462))’
A(1 —n) (3 — 46> + 0%
POSMM=t = 11 =92~ 0)(1+ 0) (4— 0 — 20%) + 0 (4 — 0 (17 + 20 — 46%))’
2 — 62
COSMM=mi = 70" 9n(2 —9)(1+6) (4—0—20%) + 0 (4—0(17 + 20 — 40%))’
5 B 2(1 —n) (2-6°)
COMM=i = T4 " on2—0)(1+0)(4— 9—292)+9(4 0(17 + 20 — 462))’
. - (1—n) (2—067) (14 — 1962 + 46* — 4 (4 — 50% + 6*))
COMMTIE T (4 = 22— 0)(146) (4— 6 — 26%) + 6 (4 — 0 (17 + 260 — 462)))°
. - (2—62)% (4 — 9y + 4 — 4(1 — )26?)
CHMMTTE T = a2 — 0)(1+0) (4— 0 — 20%) + 0 (4— 0 (17 + 20 — 462)))>
In CSMN:
21— n)(2— 0)(1+0) (2— 60— 6%)> (4+6(1 — 20))
WCSMN—i =

PCSMN—i =

€CSMN-m1 =

Desyn—i =

HesyN-—mi =

Hesyn—ri =

In CSNM:

WOSNM—i =

PCSNM—i =

ECSNM-m2 =

Desnyv—i =

16(7 — 817) — 2(135 — 148n)02 + 13(17 — 187)0% — 2(36 — 371)0° + 8(1 — )65
41 =1 —=0)2(1+6)(2+6) (3—6%) (4+6(1—20))

16(7 — 8n) — 2(135 — 1487)62 + 13(17 — 187)0% — 2(36 — 37160 + 8(1 — 1)6°’
(2-6%) (2—60—6%) (4+6(1 —20))

16(7 — 8n) — 2(135 — 148n)02 + 13(17 — 187)0% — 2(36 — 371)0° + 8(1 — )65
20 —=n)(1—0)(2+6) (2—62) (44 6(1 — 20))

16(7 — 817) — 2(135 — 148)02 + 13(17 — 1817)0% — 2(36 — 371)0° + 8(1 — )65
(1=n)(1—0)%(2+6)*(2—6%) (4+6(1 —20))% (14 — 1962 + 46* — 4n (4 — 562 + 6%))

)

(16(7 — 8n) — 2(135 — 148)62 + 13(17 — 18n)6* — 2(36 — 371)65 + 8(1 — n)6®)>
(1= 0)2(2+0)% (2 — 62)” (4 — 9 + 40 — 4(1 — 1)262) (4 + 6(1 — 20))?

(16(7 — 8) — 2(135 — 1487)62 + 13(17 — 18n)6* — 2(36 — 37)06 + 8(1 — 1)68)*"

(4—50%+0%) (14 —2n(1 — 0)(2+0)(4 +0(1 — 20)) — O(4 + 0(17 — 26(1 + 20))))

16(7 — 8n) — 2(135 — 148n)02 + 13(17 — 18n)0* — 2(36 — 37n)05 + 8(1 — n)os ’
2(3—40%+0") (14 —2n(1 —0)(2+0)(4+0(1 —20)) — (4 + (17 — 20(1 + 20))))

16(7 — 8n) — 2(135 — 148n)02 + 13(17 — 181)0* — 2(36 — 371)0° + 8(1 —n)6®
(2-6%) (2—60—6%) (4+6(1—20))

16(7 — 8n) — 2(135 — 148)02 + 13(17 — 187)0% — 2(36 — 371)0° + 8(1 — )65
(2—-6%) (14 —2n(1 - 0)(2+0)(4+0(1 —20)) — O(4+ 0(17 — 20(1 + 20))))

16(7 — 8n) — 2(135 — 1481)62 + 13(17 — 181)6% — 2(36 — 371)60 + 8(1 — )65
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(4—0%) (2—30%+60%) (14— 2n(1 — 0)(2+ 0)(4 + 0(1 — 20)) — (4 + O(17 — 20(1 + 20))))*
(16(7 — 8n) — 2(135 — 1487)02 + 13(17 — 181)0* — 2(36 — 37105 + 8(1 — )6H%)? ’
(2 92)2 (1-62%) (14 —2n(1 —0)(2+0)(4+6(1 —20)) — (4 + (17 — 26(1 + 26))))?
(16(7 — 8n) — 2(135 — 148702 + 13(17 — 181)0* — 2(36 — 371)06 + 8(1 — n)H%)?

Mesnm—mi

Hesny—ri =

The equilibria for the rival manufacturer and retailer éoll by symmetry. For example, for
Manufacturer2 in CSMN, WOSMN—1 = WOSNM—2 andeSMN_l = PCSNM-—2- To ensure a

meaningful comparison, we enforce the common feasible dofiea all cases. That isy <

ACSMM(@) — 14-40-176%+203440*
m = 2(8-20-902163+20%) *

We first compare CSMN and CSNN (i.e., NN). Defis@lC5M N =NN = TT oo/ v 1 =TI v v—m1

as Manufacturen’s profit in CSMN minus that in NN. This is strictly positive @&nd only if

~CSMN—-NN _ 896—32320%4+45700* —32220° 4119168 —2200° +16012 ; CSMM
N < M1 <9) = 1024—358402+49400% —340706+123508 —224010+16612 which exceed%ﬂ (9) and

thus lies outside the common feasible domain. HemGe;y n—_1 > ynv_1 throughout the

common feasible domain. Next defind1¢SM M =CSNM = T1061 0 1 — Tlosnar—mi- BY con-
tour plotting, we findAIISSMM=CSNM () for any @ andy in the feasible domain. Therefore,
Manufacturen always benefits from its own advertising under cost shariagwycost sharing rate.
So does Manufactur@r Thus, CSMM is the unique equilibrium for manufacturer atiseng with
cost sharing givef) = 1.

We now compare CSMM with NN. DefinAII MM =NN = T[T o1 i — Hyy_mi. This

me
~CSMM—NN 2(14-70—-270%+90°+140 —20°—20° )

is strictly positive if and only ifp < 7, (0) = S5—iso—ssozrise5os97—ags—ige » Which

is outside the common feasible domain when< 0.676. Therefore Ilcsayar—mi < HNN—mi

wheny > HCZMM=NN () otherwise Hesan—mi > vy —mi- Figure13illustrates this property,

which implies that the manufacturers might encounter eoRgss Dilemma under manufacturer

advertising with cost sharing.

Proof of Lemma 4: Retailer advertising with cost sharing presents four foesutcomes:
CSRR, CSRN, CSNR, and CSNN. The profit functions under CSRRlacumented in Eq.6)
and those of CSRN and CSNR can be inferred similarly givehdhdy one retailer advertises.
Again, CSNN is equivalent to Case NN. For brevity, we predieatings only for the symmetric
setting ofA; = A, = 1.
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Figure 13: Manufacturer’s preference between CSMM and NN, given= 1

The equilibrium actions and outcomes for Manufactur@nd Retailet in various cases are as

follows.
In CSRR:
9 — 30n + 3602 — 161> — 2(1 — n)(8 — (17 — 101))62 + 4(1 — n)36*
w —3 = N
OSRE—i 18 — 631 + 76n2 — 32103 + 2(1 — 1)2(3 — 4n)0 — 2(1 — 1)(14 — (31 — 187))02 — 4(1 — 1)303 + 8(1 — n)364"’
15 — 50m 4 5802 — 2473 — 2(1 — 1) (13 — 4n(7 — 41))6% + 8(1 — n)36*
PCSRR—i =

18 — 631 1 7672 — 3213 1 2(1 — 1)2(3 — 4m)0 — 2(1 — ) (14 — 7(31 — 18))62 — 4(1 — 7)363 1 8(1 — 1)30%
(1= m) (3 —4n—201—n)o?)
COSRR—ri = e T 76n2 — 3203 + 2(1 — m)2(3 — 4n)6 — 2(1 — n)(14 — (31 — 187))62 — 4(1 — n)363 + 8(1 — SErTS
2(1 — )2 (3 —4np—201 - n)e2)
18 — 631 + 7612 — 3213 + 2(1 — n)2(3 — 4n)0 — 2(1 — n)(14 — n(31 — 187))02 — 4(1 — n)363 + 8(1 — 7)304’
(1—mn)? ((3 —4n)2(6 — n(13 — 8n)) — 4(1 — n)(3 — 4n)(11 — 2n(12 — 71))6? + 4(1 — n)%(22 — (7 — 4n))6* — 16(1 — 71)466) ‘
(18 — 63n + 7612 — 3213 + 2(1 — 7)2(3 — 41)0 — 2(1 — 1) (14 — 7(31 — 187))02 — 4(1 — 1)363 + 8(1 — 1)364)? ’

Dcsrr—i

HDosrR-—mi =

(1— n)° (3 —4n —2(1 — 7])92)2 (3 —4n —4(1 — 7])92)

Hesprori = (18 — 63n + 7612 — 3213 4+ 2(1 — 1)2(3 — 4n)0 — 2(1 — 1) (14 — (31 — 18n))02 — 4(1 — n)363 + 8(1 — 7])394)2 '
In CSRN:
(6 —4n(3 —2n) — (9 — 2(9 — 5n)n)6* + 2(1 — n)26*) CSs
WCSRN-1 = 5
CS;
(2(5 = 2n(5 — 3n)) — (15 — 2(15 — 8n)n)6? + 4(1 — 1)?6*) C'S;
PCSRN—-1 = 5
CS;
(1 -n)(2-6%)CSs
€CSRN—r1 = CSl )
D (1 =-n)?(2-6%)CS3
CSRN-1 — CSQ )
(1—n)%(2—6% (2(6 — n(13 — 8n)) — (18 — (37 — 20m)n)6? + 4(1 — n)?6*) CS3
HesrN-m1 = 5 ;
4053
- @) (2-62)° (3 4y —4(1 - n)6?) OS]
CSRN—-r1 — 40522 .
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In CSNR:
(6 — 967 +20* — 21 (4 — 562 4 6*)) CSy

WCSNR-1 = CS, )
(9 —12n — 2(7 — 8n)6% + 4(1 — n)d*) CSy
PCSNR-1 = CcS, )
D  (B—4n—201—-n)*)CS,y
CSNR-1 = CS, )
I (B4 —201—n)?) (6 — 96> + 20" — 21 (4 — 50 + 0")) C'S}
CSNR—-ml1 — 4CS% )
- (1-62) (3—4n—2(1-n)6%)°CS]
CSNR—rl — .
4CS3
In the above,

CS; = 8(3—4n)(6 —n(13 — 8n)) — 4(99 — 1(331 — 2(189 — 74n)n))6>

+2(183 — 2(293 — 3(106 — 391)))0* — 4(1 — 1)(33 — (69 — 371))6° + 16(1 — n)36%;
CSy = 4(3—4n)(6 —n(13 — 8n)) — 2(99 — 1(331 — 2(189 — 741)n))6>

+(183 — 21(293 — 3n(106 — 397)))0* — 2(1 — ) (33 — (69 — 371))6° + 8(1 — 1n)36°;
CS3 = 12—2n(1—0)(2+0)(4+60(1 —20)) — 6 (3+20 (8 — 6 — 26%)) ;

CSy = 2(6—n(13—8n)) —4(1 —n)%0 — (16 — 3(11 — 67)n)0% + 2(1 — n)?0° + 4(1 — n)26™.

The equilibrium actions and outcomes for the other manufactand retailer in each set-
ting can be easily obtained by symmetry. For examplespry_1 = wosnr_2 andpespy_1 =

pcsvr—2. The common feasible area for all forms of retailer advergisvith cost sharing is

_9202 A~
D < 2 = CSTR()

We now compare CSRN and CSNN. Defigl &5 "N = 11ogpp_,1 — Ilyy_,1 @s Retailer
1’s profits in CSRN minus the one in NN. We prove the existerfegf 6" =" (9) by character-
izing ATISS NN — 0 through a contour plot. The threshold curve is then uniqueyesented
by R&S#N=NN(9), because there are only two viable parametéfs =" (9) is in the middle

of the feasible domain and decreases With

Note that7&5*V ="V is equivalent to7% "~V by symmetry. Therefore, no retailer will

unilaterally deviate from NN if and only iff > 75V =NV,
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Figure 14: Equilibrium analysis in retailer advertisinghlvcost sharing, givef = 1.

Now compare CSRR and CSRN. Defin&l > =5 N = [T 6pp 0 —Tlespy—_re. We obtain

AGIRR-CSEN () from the contour plot o\TTS HA-CSEN = (o, pOSRE=CSEN (g) s in the middle

of feasible domain and decreases with

Note thaty& =N is equivalent ton& = “SHN  Therefore, no retailer will unilater-

ally deviate from CSRR if and only if < 7&5##~CSNH |t is worth noting that;&" V=NV <

HGSRA-CSNE That is, a domain exists in which both CSRR and NN can beiegjai) as illustrated

in Figurel14.

We now compare CSRR and NN. Defidd 1NN = Tl gpp 1 — Hyn_r1. By con-
tour plotting we obtain a uniqug“SER-NN () from AIIS NN — 0, Sincen®s#i-NN(g) <
HOSRN=NN o pOSRR=CSNE the retailers encounter a Prisoner’s Dilemma whgi™* ¥V (9) <
n < nGENTNN(9), because both retailers are harmed by their advertisingtinesigh advertising

is a dominant equilibrium strategy. Figuté summarizes all the above findings.

Proof of Theorem 3: Because of symmetry the following proof needs only to cogrsMan-
ufacturerl and Retailerl. We first compare Manufacturéis profits between CSMM and MM
and between CSRR and RR. Contour plotting shows that Matwréad prefers CSMM to MM
as long ag) < HS;MM=MM () where
196 — 5480% — 166° + 4850* + 86° — 1566° + 166°

8 (28 — 7502 — 203 4 646* + 65 — 2006 + 268)
WhennpCTMM=MM gy < < nCSMM () which is the common feasible area for all cases of man-

me

i o)

ufacturer advertising with cost sharing, Manufacturgrefers MM to CSMM. Similarly, Manu-
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Figure 15: Manufacturel’s preference between RR and CSRR gives: 1.

facturerl prefers CSRR to RR as long as< 7711 (0), wherenC 7~ 1(9) is illustrated in

Figure15. If nC7RR~RR(9) < < HCSER(G), which is the common feasible area for all cases of

retailer advertising with cost sharing, Manufacturgrefers RR to CSRR.

Now consider Retailel’s profit differences between CSMM and MM and between CSRR and
RR. Methods similar to those described earlier show thatiRRet prefers CSMM to MM as long

asn < nGPMM=MM (g) where
FOSMM-MN (g _ 28 — 480 — 14862 + 640° + 1996* — 206° — 1000° + 166° |
r 4 (60 + 160 — 16002 — 3263 + 1510* 4 2005 — 5906 — 467 + 868)

If nGEMM=MM () < 9 < ROSMM () Retailerl prefers MM to CSMM. We havg®> MMM (9) <
pOYMM=MM () o ROSRE=RE Q) The contour plot on thé,; plane shows that RR dominates

ml ml

CSRR for Retailell throughout the entire feasible domain.

Proof of Theorem 4: We explicitly present the proof favzz > U, Only. The others are

similar in nature so we omit due to their length. They arelalée on request.

Consumer welfarel(, with superscripts and subscripts following the convergiosed through-
out this paper) is based on the utility of the representatresumer in Eq.3). Some algebra yields
AUPFMM(9) = Upp — Upy

(6 — 562 + 20%) (ny x Q2 + ng x 20Q + n3) A2
2 (196 — 49202 4 4170 — 140605 + 1663)* (81 — 26162 + 28004 — 11665 + 166%)°

Y

where

ni = 1238328 — 1020243602 + 3721543807 — 791899470 + 1090522316% — 1019350860'° + 65956340012 — 205403280%%
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+89787200'0 — 176524801 % + 2022400%° — 10240022

ny = 86184 — 127162802 + 646602607 — 171754090° + 277283410% — 291814020'° + 2067525202 — 994066404
+31972480'% — 65817608 + 78336020 — 40966°2;

ny = 1238328 — 1020243602 + 372154380% — 791899470 + 1090522316% — 1019350860'° + 65956340012 — 205403280%*

+897872001% — 1765248608 + 20224002° — 10240622,

In the common feasible domain U7~ (g Q) is convex with respect t, and increases with

RR—MM RR—MM _ (6-502+20%)ny

which is positive in the common feasible domain. Hebgg, > Ujy,. O

Proof of Corollary 1: The following discussion is based on the common feasibheado under

both manufacturer and retailer advertising; thafiss [;25 220 92UP L0 andp € [0,0.823).

Without loss of generality, we letl;_;, = 1 and then(2 = A;. For supply chain 1’'s advertising

level, we consider the relationship betweesnd(2 for M M:

OChrar—m1 (2 —6%) (14 — 176 + 40*) .
00 196 — 49202 + 4176* — 14066 + 1668 '
For RR,
O€hpr (3 —260%) (9 — 146 4 46)

00 162 — 52262 + 5600* — 23205 + 3208
which is positive in the feasible domain. So, supply chagablvertising effort level increases with

Q. For supply chain 2's advertising level, we consider thatrehship between and(2 for M M:

OChinrms 20 (2 — 62)° ~ 0
o 196 — 49202 + 41704 — 14006 + 1608 ~
For RR,
Ocpprs 0 (3 —26°)° 0
00 162 — 52202 + 5600* — 23206 + 3208

Similar results arise in the other subgames, which are echitere for brevity.
Now consider the relationship betweeandd. For M M,
—784 + 38402 + 20560* — 299206 + 17110° — 4600'° + 480*2
N1 —m1 -

46 (1092 — 338862 + 428164 — 282465 + 10346% — 20000 + 166'2) A,
00 (196 — 49262 + 4176 — 14065 + 1668)

Y

784—2384602 —20560* 4299200 —17110%+460010 —48912

which is positive if and only itA: > fr055"335577 1 125197 25216+ 10310%— 200017+ 16072

RR,

7= Qi For
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—729 + 5676 4 28080* — 54480° + 40646% — 1424600 + 1926'?

ae*RR—rl +260 (2187 — 86400% + 138120* — 114726 + 528062 — 12806 + 1286’12) Ay
90 2 (81 — 26162 + 2800 — 11665 + 166%) ’
i i PR ; 729—56702 —28080* +54480° —4064608 +1424010 —192012 - e—0
which is positive if and onIy it > 29(2187—864062+13812;4—1147296+5285re8—1280910+128912) - QRR .

Similar results arise in the other subgames, which are edhitere for brevityx

Proof of Corollary 2: The following discussion is based on the common feasibteaio of

CSMM and CSRR, that ig < 5011000 — 0o (g). For CSMM,

decsmm-mi 2(1 —n) (=4 + 200 + 40* — 1603 — 0* + 46°)

90 (14 + 460 — 1762 — 20% + 40* — 2 (8 + 20 — 962 — 63 + 264))*’

which is positive if and only if-4 + 200 + 40? — 166° — 6* + 40° > 0. We definelcgrar =
arg{f| — 4 + 200 + 46> — 160° — 0* + 46°> = 0}, which is unique in the feasible domain. For
CSRR,

—9 + 480 + 126% — 4803 — 40* + 160°
21— n)* | +4n? (—4 + 200 + 462 — 166° — 6" + 46°)
Oecsrr—ri _ —4n (=6 + 310 + 767 — 280° — 20* + 8°)

PR
% —18 — 60 + 2862 + 46° — 80* + 41® (8 + 20 — 907 — 63 + 20*)

—2n% (38 4 116 — 4962 — 60° + 126*) + 1) (63 + 200 — 9062 — 120° + 246%)

—6+316+76%—280% —20*+805+/024+203—80% - 0O
2(—41200-+462—1663—01+405) = TICSRR-

which is positive as long ag >
Proof of Theorem 5:

We provide results for Manufacturérand Retailed here, and invoke symmetry for Manufac-

turer2 and RetaileR. The following lemma is needed to prove Theorgm

Lemma 6 Consider Manufacturet and Retailerl in a scenario of hybrid advertising. Boundary

values exist such that

1. Both Manufacturerl and Retailerl simultaneously prefer RM to MM if and only(if >
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QEM=MM ) put prefer MM to RM if and only 2 < QEM=YM () whereQlM MM (g) >
Q- ),

2. Both Manufacturen and Retailerl simultaneously prefer MR to RR if and onlyif <
min{Q % 74(9),

QME-ER ()1 but prefer RR to MR if and only § > max{QME 1R (g) OME-EE g},

3. Both Manufactured and Retailerl simultaneously prefer RM to NM if and only<¥ >
QEM=NM () put prefer NM to RM if and only if2 < QM (g),

4. Both Manufacturet and Retailerl always prefer MR to NR.

Proof of Lemmd: We first follow the itemized sequence of results in Lenthaad then extend

our proof to Manufacture2 and Retailep.

(1) Compare MM to RM and MRWMe directly start with the unique equilibrium of RM that

follows.
o (6 —960%+20)((21 — 3002 + 801) Ay — 20(3 — 20%) Ay)
RM=L 4(63 — 18002 4 1720* — 6466 + 868) ’
" C(6—967+20")(2(3 — 467 + 0 Ay — 0(2 — 62) Ay)
b=z 63 — 18002 4 17204 — 6465 + 862 ’
. (10 — 1567 + 40) (21 — 300 + 80) A, — 20 (3 — 26°) A,)
PaM—1 = 4(63 — 18062 + 1720% — 6465 + 86°) ’
. (91407 +40Y) (23— 40+ 0Y) Ay — 0 (2 — 62) Ay)
Pra—2 = 63 — 18002 + 1720* — 6465 + 86° ’
- (2—60%)((21 — 300% + 80") Ay — 20 (3 — 20%) Ay)
RM=rl 4 (63 — 18062 + 17204 — 64606 + 868) ’
o . (3-20%) (23402 +0") A —0(2—6%) Ay)
fbd=m2 2 (63 — 180602 + 1720* — 6406 +8¢8)  ’
D _(2—67)((21 — 300% + 86*) Ay — 20 (3 — 26%) Ay)
RM=L 2 (63 — 180602 + 1720% — 6466 + 8¢8) ’
D L (3-20%)(2(3 402+ 01 Ay —0(2—6%) Ay)
RM=2 63 — 18062 + 17264 — 6465 + 868 ’
. (2677 (3—467) ((21 — 3007 4 80%) Ay — 26 (3 — 26%) A,)?
=t 16 (63 — 18062 + 1720* — 6465 + 80%)* ’
. (3—20%)° (1 —62)(2(3—46%+0") Ay — 6(2 — 62) A) 2
Hpr—re = )

(63 — 18002 + 1726 — 646 + 86%)°
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(2 — 62) (6 — 962 + 26" (21 — 300% + 80") A, — 26 (3 — 26%) A,)?
8 (63 — 18002 + 1726* — 6406 + 86%)*

(63 — 14462 4 920* — 166°) (2 (3 — 462 + 6*) Ay — 0 (2 — 0%) A1) 2
4 (63 — 18062 + 17204 — 6466 + 868)* '

*
HRM—ml 9

H*RM—m2
For prices and demands to be nonnegative requires
(21 — 300% + 80" A; —20(3 —20%)A, >0 and 2(3 —46% +0") Ay —0(2 — ) A, > 0.

Thus, the common lower and upper bounds for RM and MM are difisdollows:

} 20 (3 — 26?) — 2(3 — 462 + 9
QRM MM 9 _ d QRM MM 9 —
= ) = 30 ree 2" ) ==

The feasible domain fof is ¢ € [0,0.876], where the upper bound éfarises when the above

two constraint lines cross, which is narrower than the domo&iMM but wider than that of RR.

flM—MM (9)

Following the same steps as in the proof of Lemméhe boundary values dt and

QEM=MM ) result from equating the profits of RM and those of MM:

QEMMM(9) = min{ QMM (0), QEMY(6)},

OEN0) = min{QR(0), 2P o)),

where

QRY-MM (g) 2(ky + 16ky/3 — 702 + 46%)
ri=l 1037232 — 1294070462 + ks’

QRM-MM (g) 2(ka + 4V 2ko/84 — 24002 + 2230% — 7465 + 86°)
mi=l 14521248 — 12550507262 + k5 ’

ki = 14817660 — 139708863 + 582943260° — 1414716007 + 221268450° — 233757120
+ 16993852012 — 84878400 + 285017607 — 6123520 + 757766%" — 4096623,
ky = 6°(12348 — 662766 + 1485430" — 1810486° + 1309886° — 575846 + 150480"> — 21446™* + 1286'°) ,
ks = 6534208801 — 1833419280° + 3239983796° — 383546192600 + 313763964602 — 1795305120
+ 7158886406 — 194739200'8 + 3442688020 — 356352022 + 163846%4,
ki = 20744640 — 157560480° + 5358124805 — 10791360007 + 14345899467 — 1327460950"!
+ 87754242013 — 417840280'° 4 14222392017 — 33732160 + 5287680 — 491520% + 20486%,

ks = 4888679046* — 11340070560° + 17443955180% — 1876036137600 + 144962017402 — 8144737406
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+ 33282375206 — 9778150408 + 20103680670 — 2743808672 + 2232326%* — 8192626,

5y 0 > 1, ifand only if Q > QEM-MM () andIT%,, . > II5,, .., if and only if
Q > QFEM=MM(p) The contour plots clearly show thef? =M g) > QFM=MM @) gand that

QEM=MM 9y andQEM=MM () increase with.

The equilibrium for MR is:
(3—20%)(2(3—46%+0Y) A, —0(2— 0% Ay)

Dana = 63 — 18062 + 1726" — 6465 + 868 ’
b _(2—67) (21— 306% + 86%) Ay — 260/(3 — 26%) Ay)
M2 2 (63 — 18062 + 1720* — 6465 + 808) ’
- L (3-2017(1-6%) (2(3 402+ 0 A —0(2—6) Ay)?
M=t (63 — 18002 + 1726* — 6465 + 868)* ’
- (2677 (3—46%) ((21 — 3007 + 86%) Ay — 260 (3 — 26%) A,)) 2
Mtz 16 (63 — 18062 + 1720* — 6465 + 80%)* ’
- (63 — 14402 + 920* — 166°) (2 (3 — 462 + 0%) A, — 0 (2 — 62) Ay)>
Mzt 4(63 — 18002 + 17264 — 6466 + 86%)> ’
. (2 — 62) (6 — 962 + 26%) ((21 — 3062 + 86*) Ay — 260 (3 — 262) A1) ?
HMR—m2 .

8 (63 — 18062 + 17264 — 6465 + 868)°
For prices and demands to be nonnegative requires

2(3—46>+0") A —60(2—6%) A, >0 and (21— 306%+80") A, — 20 (3 —26%) 4; > 0.

The common lower and upper bounds for RM and MM are:

_ 02— 6% - 21 — 300% + 80*
MR—MM _ MR—MM _
a ) =G a1y @M ¢ ) = 573 =20

As with RM, the common feasible domain fibis 6 € [0, 0.876]. The boundary lines ap %~ (p)
andQMI~MM () can be obtained by equating the profits of MR and those of MMit@Qar plots

show thatQM#=MM (g) < OME-MM 9y and that XM (9) andQME-MM (9) decrease i.

(2) Compare RR to MR and RMhe common lower and upper bounds for MR and RR are:

_ 0 (3 —26°) I 9 — 146% + 46*
MR—RR _ MR—-RR _
£ (6) = 9 — 1462 + 464 and €2 (6) = 0 (3 — 202)

The largest feasible domain féris 6 € [0,0.823], which is the same as that of RR. Boundary

values of X171 9y and QM E-FE 9) result from equating the profits under MR and RR.
OMERE@G) = min{QNF 7R (0), QMFRR(0)},
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OHEO) = min{QU5(6), QMR ()}

where
) L+ 20/ (1 - 62)° (3 - 462)
QMR_RR(H) —
ri-l 19683 — 24494402 + 13
QMR-RR(g) _ Ly + V2157189 — 64262 + 7000% — 26465 + 3208
mi-l 91854 — 74066462 + I ’
and where
Iy, = 65610 — 583200° + 2507760° — 6676560

+ 118435207 — 143621601 + 119807202 — 6822400 + 25894407 — 623360'° + 8576021 — 512073,
I = 6° (5103 — 2592002 + 526320% — 551520° + 322480°% — 1059200 + 182402 — 128914) ,
I3 = 133066807 — 41484966° + 82566720% — 110586720'°

+ 1023387202 — 66050400 + 2957760010 — 89894468 + 17664002° — 20224022 + 1024024,

Iy = 306180 — 2094660° + 6285600° — 109108807 + 12159846° — 9112700 + 46570863 — 1602000*° + 3544007 — 45446'° + 256021,
5 = 6° (567 — 243962 + 41400% — 353265 + 15926% — 36060 + 32912) ,
lg = 264351607 — 54952560° + 73708200% — 668217600 + 417194802 — 17934320 + 5207846'% — 975040'% + 10624620 — 512022,

%, > e . ifand only if @ < QME-EE(g) andITt,, , | > %, ., ifand only if Q <
QME-EE () The contour plots show th&r #=f%(g) > OME-EE ) wheng € [0,0.802], where
QME-ER () is defined a§) 717 (9), wherea$) =7 (9) < QME-ER(9) for 9 e [0.802, 0.823),
whereQME-1E(9) is equivalent ta) M E 1R (g); OME-EE(g) increases withd within [0,0.630],
QME-ER () decreases with within [0.630,0.823], andQMF~1E (9) increases witt# in the com-

mon feasible area.

Boundary lines of2/Y %% (9) and QY %% (9) come from equating the profits of RM and
RR, whereQSM R () < QFM=FE(9) whend < 0.802 but the direction of the inequality reverses
whené e [0.802,0.823]; QMR () decreases with within [0,0.630], whereQFM =1 (p) is
equivalent td25M %% (4), and increases withwithin [0.630, 0.823] whereQZM %% (9) is defined

asQIMER () andQFM-FE () decreases with.

(3) Compare profits between NM (MN) and RM (MRhe common lower and upper bounds

for NM and RM are:
~ 20 (3 — 26?) R 2(3 — 462 + 0%)
RM—-NM o RM—NM _
£ ) = 57300 1 sgn 24 © )= —%a—m

The largest feasible domain féris # € [0,0.876]. The boundary values @@=~ (4) and

QEM=NM ) come from equating the profits in RM and NM.
QFM=NM9) = min{QFY VM (9), QFMNM ()3,
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QRI-NV(9) = QLYY (9), QRN (9)),

where
\/3 — 2 4)
1-1 )
" 4148928 — 3575980862 + ms
2 4 6
QRM-NM () _ 2(my + 4v/2mo\/24 — 6662 + 590% — 1906 4 20)
1-1 - )
m 8297856 — 7082812862 + my
and where
my = 59270460 — 45722880° + 156707880° — 3147630007
+411421650° — 36722376011 + 2282630001° — 987488001 + 2011808017 — 5570560° + 6220802 — 3072022,
my = 6° (7056 — 3717002 + 817876% — 979240° 4 696520° — 30128010 + 7752012 — 10880'* + 64616) ,
msg = 13785836407 — 3137925000° + 4689323396°% — 4840237520'°
+ 353473404602 — 1839190240'* + 6767123200 — 17180672018 + 2859776020 — 280576022 + 1228802
my = 11854080 — 90457920° + 308946960° — 624137400"
+ 830360620° — 7663047901 + 5029850602 — 2365943660'° + 7915096017 — 183657667 + 280576071 — 25344623 + 102402°,
ms = 27235807207 — 6236695080° + 9473885146% — 100686893760

+ 76956419802 — 428132988014 + 1733992720 — 505291520'% + 1030822402 — 1395968622 + 1126400°* — 409662° .

oy > I, ifand only if Q > QFM=NM 9y andIIs,,, ., > IT%,,_, if and only ifQ >
QEM=NM () The contour plots show th&at" N (g) ~ QFM=NM () and thatQM N (g)

andQFM=NM gy increase with.

The boundary lines o=~ (9) and QM= (4) are obtained by equating the profits in
RM and RR, wherg)M#=MN (g) < QME=MN ) - QME=MN (9) and OME-MN (9) decrease with

0.
(4) Compare profits between MR (RM) and NR (RM)e common lower and upper bounds for
MR and NR are as follows:

02— 6%
2(3 — 402 + 0%)

4(3 — 46% + 0%)
6(3 — 262)

QMR NR(9> and QRM—NM(G) —

The feasible domain fof is @ € [0,0.876]. Define ATIM =" as Manufacturet’s profit in MR
minus the one in NR anaAIT*#~"# as Retailerl’s profit in MR minus the one in NR, which
compute to

ATIME-NE - _ —(3—292)2(1—92)<( ! - ! 2)

72 — 19862 + 18364 — 6606 + 86%)% (63 — 18002 + 17204 — 6466 + 86%)
x (2(3—46% +0") Ay — A20 (2 - 6%)) 2,
< 63 — 144602 + 920* — 160° 4(3 - 2602)
(6

MR-NR
AlLy 2 4 6 82 2 4 2 412
3 — 18002 + 1720% — 64606 + 808)2 (6 — 902 + 204) (12 — 1502 + 464)

1
4
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x (2(3—40% +60%) Ay —0(2-0%) A2) 2.

Graphing shows that
1 1

<0
(72 — 19862 + 18364 — 6665 + 868)° (63 — 18062 + 1720* — 6465 + 86%)?

and
63 — 144602 4 920* — 166° 4 (3 — 26%)

>0
(63 — 18062 + 17260* — 6465 4 868)° (6 — 962 + 26%) (12 — 1502 + 464)

for any# € [0,0.876]. ThusAIIM N > 0 and AII} V% > ( in the common feasible area,

meaning that Manufacturdrand Retailen always prefer MR to NR. SimilarlyAITEY =%V > 0
and ATTE 1N~ o for anyd € [0,0.876]. This completes the proof of Lemnta

Lemma6 suggests that both Manufactureand Retailerl would have incentives to switch
from MM to RM, if their supply chain has a larger base demarahtthe other, and these incen-
tives become stronger with higher product substitutabilihis occurs because retailer advertising
intensifies competition relative to manufacturer advemnggi.e., the levels of retailer advertising
are higher in equilibrium, whose impact plays out throughdemand function in Eq1]). How-
ever, an area exists (i.€5/ MM (9) < Q < QFEM=MM4)) within which Manufactured and
Retailerl cannot agree on whether to use MM or RM. A similar situatidees with regards to
RM and NM. Between RR and MR, Manufactureand Retailerl both prefer MR to RR if the
supply chain’s base market is the smaller one, but reveese pheference if the base market is
the larger, especially when product substitutability ighhiManufactureil and Retailerl always
prefer MR to NR, because the manufacturer advertising yisignificantly more demand for the
supply chain but without greatly intensifying the supplatchcompetition. Similar sentiments
govern the preferences of Manufactugeand RetaileR as they consider switching from MM to
MR, RR to RM, MR to MN, and RM to RN. To summarize, both manufaet and both retail-
ers prefer retailer advertising when product substitlitsitis low; when product substitutability is
high, manufacturer advertising has some appeal. Leaiso indicates that RN/NR are inferior
to RM/MR. These findings, along with Theorerhand?2, indicate that MM, RR, RM, and MR are

more stable than the other advertising structures.

A state is a strong channel equilibrium if no coalition of y#es in the same supply chain

can profitably deviate from the current state. It can be shthaih other advertising structures,
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including hybrid approaches MN, NM, RN, and NR, are domiddtg MM, RR, RM, and MR. So
the following will focus on evaluating MM, RR, RM, and MR fdne¢ manufacturers and retailers.

We continue to consider only the common feasible domairbéskeed in Lemmab.

We start with MM. The proof of Lemma@established that Manufactureprefers RM to MM if
and only ifQ > QF=MM ) and Retailetl prefers RM to MM if and only ifQ > QFEM~MM (g),
Given thatQFM—MM () > QFM-MM @) the coalition of Manufacturet and Retailerl would
never switch from MM to RM as long &8 < max{QFM=MM gy QFEM=MM gy} _ QRM=MM g
because at least one of Manufacturand Retailed will be worse off switching from MM to RM.
On the other hand, for Manufacturgr MR outperforms MM if and only if2 < QME=MM g).
whereas for Retaile2, MR outperforms MM if and only ifQ < QMMM () Given that
QME-MM ()  QME=MM @) similarly, the coalition of Manufacturer and Retailerl would

never switch from MM to MR as long as
Q > min{Q)5"MM (6), QMY (0)} = Q57 (6).

Therefore, MM is a strong channel equilibriundif27=M (9) < Q < QREM-MM @),

Consider RR. Manufacturdrprefers MR to RR if and only if2 < QMF~f%(9) and Retailet
prefers MR to RR if and only if2 < QME-EE (9. Given thatQM =25 (9) and QM E-1E(9) cross
in the common feasible domain, it is conceivable that théittmaof Manufacturerl and Retailed
would never switch from RR to MR as long s> min{Q 5 (9) QME-EE ()1 On the other
hand, Manufacturet prefers RM to RR if and only if2 > QF) =% (9) and Retaile prefers RM
to RR if and only ifQ > QEM-1E(9). Given thatQfM 17 (9) crosse) )~ (9) ath = 0.802,
it is conceivable that no coalition of both Manufactu2eand Retaile2 would switch from RR to
RM as long ag) < max{QFM-MM gy QEM=-MM ()1 g RR is a strong channel equilibrium if

and only if
min{ Q7R 0), IR (0)} < @ < max{ QMM (9), QRN MM (6)).

And since QM -ER(9) bypasseMI-FR(9) at § = 0.775 before reaching2™~"%(¢) and
QEM-MM () we conclude that RR is a strong channel equilibriuf*~ 7% (9) < Q < QFM—EE g)

ing € [0,0.775].
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Consider MR. Manufacturerprefers RR to MR if and only if2 > QM=% () and Retailet
prefers RR to MR if and only if2 > QME-1E(g). Given thatQM =25 (9) and QM E-1E(9) cross
in the common feasible domain, it is conceivable that thditotma of both Manufacturer and
Retailer] would never switch from MR to RR as long@is< max{QM =k (9) QME-EE ()1 On
the other hand, for ManufacturgMM outperforms MR if and only if2 > QMF-MM(4) whereas
for Retailer2, MM outperforms MR if and only if2 > QMA=YM(g) Given thatQM =M () <
QME=MM () the coalition of Manufacturer and Retailedl would never switch from MR to MM
as long ag) < max{QME-MM g) OME-MM gyy — OQME-MM ) Therefore, MR is a strong

channel equilibrium as long & < min{ QMM (9) max{QME-EEg) OME-EE (g},

Consider RM. Manufacturerprefers MM to RM if and only if2 < QF/ =M (9 and Retailer
1 prefers MM to RM if and only if) < QFM=MM (g) - Given thatQM—MM (g) > QFM-MM g
it is conceivable that the coalition of Manufactuieand Retailell would never switch from MM

to RM as long as
Q > min{ QMMM (9), QMM (0)) = QEYMM(6),

On the other hand, Manufacturzprefers RR to RM if and only if2 < Q4 ~%E(9) and Retailer

m2
2 prefers RR to RM if and only if2 < QEM=EE(g), Given thatQ/) —1E(9) crosse) 3 —# (p)
atd = 0.802, it is conceivable that the coalition of Manufactuteand Retaile2 would never

switch from RM to RR as long as
Q > min{QEM=MM gy QRM-MM g1
Therefore, RM is a strong channel equilibrium as long as
Q > max{QFM=MM () in{QEM-MM ) QRM-MM g1 O

Proof of Lemma 5: Solving the Nash game gives

(3 —262) (15 — 26/ (3 + 6 (13 — 20 — 462)))

= U521 1 Gkt) + 1209 — 7Tk )02 + 4(—19 + 260k )0% + 16(1 — 28K1 )0 + 6dkey 65
Differentiating this yields
Oemi (3 —20%) (270 — 92462 + 10400" — 4486° + 646%) (15 — 20 (3 + 0 (13 — 20 — 462)))

Okm1  (45(=1 4 6km1) + 12(9 — TThm1 )02 + 4(—19 + 2600)0* + 16(1 — 28k,1 )08 + 64k, 65)2
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which is nonpositive if and only ifi5 — 20 (3 + 6 (13 — 26 — 46?)) > 0, which is true under
the assumptions that keep demand nonnegative. Therefaeufisturer 1's advertising effort

decreases with,,,;. O
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